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SET signature
aux-library /SET .sig

s|signature SET =

17 Slg

18 structure Elt : EQ
19

20 type Set

21

22 val empty : Set

23
24 exception ExistingElt

25 val 1nsert : Elt.t *x Set -> Set

26 val overwrite : Elt.t * Set -> Set




Insert, Overwrite, and Lookup



Rest of the signature

aux-library /SET .sig

28 val remove : Elt.t * Set -> Set
29
30 val lookup : Set -> Elt.t -> Elt.t option

31

32 val union : Set -> Set -> Set

33
«| val toString : (Elt.t -> string) -> Set ->
string

35 lend




Simple Version

aux-library/Set.sml
63| functor ListSet (Elt : EQ) :>SET I

aux-library/Set.sml

68

69
70 type Set = Elt.t list
71

| val empty = []

73
72| fun lookup [] y = NONE
75 | lookup (x::xs) y =
76 if (Elt.equal x y)
77 then SOME (x)




Adding a

sortedness invariant



Recall: the ORD signature

aux-library /SET .sig

s|signature 0ORD =

0|81g

10 type t

11

12

13 val cmp : t *x t -> order
2|end




Recall cmpEqual : ORD -> EQ

«|functor cmpEqual (K : ORD):EQ =

5| 8Struct

26 type t = K.t

| fun equal x y = K.cmp(x,y) = EQUAL
s lend




OrdListSet

aux-library /Set.sml

| functor OrdListSet (E1t0rd : ORD):> SET |

aux-library /Set.sml

w| structure Elt = cmpEqual (E1t0Ord)

100

101

102

103

104 type Set = Elt.t list




OrdListSet lookup

aux-library /Set.sml

ws| fun lookup [] y = NONE

109 | lookup (x::xs) y =

110 case E1tOrd.cmp(y,x) of
11 LESS => NONE

112 | EQUAL => SOME(x)

113 | GREATER => lookup Xxs ¥y
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One note about the code

e Want E1t .t to be transparent
e Want Set to be opaque

aux-library /Set.sml

o« functor OrdListSet (E1tOrd : ORD):> SET
7| wWwhere type Elt.t = EltOrd.t=
g Struct




n is the number of elements in the set

insert/overwrite

lookup

Work

Span



OrdTreeSet

aux-library /Set.sml

w | functor OrdTreeSet (E1tOrd : ORD):> SET
us | Where type Elt.t = EltOrd.t =

us | STruct

uwr|  structure Elt = cmpEqual (E1tOrd)

148

149

150

151

152 type Set = Elt.t Tree.tree
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n is the number of elements in the set. Assume trees are balanced.

Work Span
insert/overwrite O(n) O(n)
OrdListSet
lookup O(n) O(n)
insert/overwrite O(log n O(log n
OrdTreeSet / ( s ) ( © )
lookup O(log n) O(log n)




1 Representation Independence



A user won't be able to tell the
difference between OrdListSet
and OrdTreeSet



|dea of an Rl Proof

Consider the expression

insert (2,insert (1,empty)) : Set
encoding the set {1,2}.
Depending on whether we use the ListSet, OrdListSet, or

OrdTreeSet implementation, we might get different values (of different
types):

ListSet OrdListSet OrdTreeSet
2
/\
1 E
/\
[2,1] [1,2] E E

]_ 8 Representation Independence




These represent the same value,
in their respective
implementations of Set



Making this idea precise

To prove the representation independence result between OrdListSet
and OrdTreeSet, take an arbitrary E1 t0rd : ORD and let
structure 0L = OrdListSet (E1tOrd)

structure 0T = 0OrdTreeSet (E1t0Ord)

And define a binary relation R between the values of 0L . Set and
0T . Set,such that

R(1S,tS) = 1S : OL.Set represents

the same set (using OL) that

tS : 0T.Set does (using
0T)

20 Representation Independence




aux-library /SET .sig

22 val empty : Set

23

24 exception ExistingElt

25 val 1nsert : Elt.t *x Set -> Set

26 val overwrite : Elt.t * Set -> Set
27

28 val remove : Elt.t *x Set -> Set

29
30 val lookup : Set -> Elt.t -> Elt.t option
31
32 val union : Set -> Set -> Set
33
sa| val toString : (Elt.t -> string) -> Set -> string

2 ]_ Representation Independence




e R(OL.empty,OT.empty)
e If R(1S,tS), then forany x : El1tOrd.t,

R(OL.overwrite(x,1s),0T.overwrite(x,tS))

o If R(1S,tS), then forany x : E1t0rd.t, either:

» Both OL.insert(x,1s) and OT.insert (x,tS) raise their respective
ExistingElt exceptions, or
» R(OL.insert(x,1s),0T.insert (x,tS))

e If R(1S,tS), then forany x : Elt.t,
OL.lookup 1S x = O0T.lookup tS x

o O L REITAVIGIIEEN I d( Analogously for union & toString)

22 Representation Independence




It all these things are true, then OrdListSet and
OrdTreeSet have
equivalent/indistinguishable /interchangeable behavior



Our RI relation

OrdListSet: type Set = Elt.t list
OrdTreeSet: type Set = Elt.t Tree.tree
R(1S,t8S) = 1S = (inord tS)

MM A tree T is sorted iff (inord T) is sorted.

24 Representation Independence




e R(OL.empty,0T.empty)
o If R(1S,tS), then forany x : E1t0rd.t,

R(OL.overwrite(x,1s),0T.overwrite(x,tS))

o If R(1S,tS), then forany x : E1tOrd.t, either:

» Both OL.insert(x,1s) and OT.insert (x,tS) raise their respective
ExistingElt exceptions, or
» R(OL.insert(x,1ls),0T.insert(x,tS))

o If R(1S,tS), then forany x : Elt.t,
OL.lookup 1S x = O0T.lookup tS x

e Analogously for union & toString

25 Representation Independence




overwrite case



e R(OL.empty,0T.empty)
o If R(1S,tS), then forany x : E1t0rd.t,

R(OL.overwrite(x,1s),0T.overwrite(x,tS))

o If R(1S,tS), then forany x : E1tOrd.t, either:

» Both OL.insert(x,1s) and OT.insert (x,tS) raise their respective
ExistingElt exceptions, or
» R(OL.insert(x,1ls),0T.insert(x,tS))

o If R(1S,tS), then forany x : Elt.t,
OL.lookup 1S x = O0T.lookup tS x

e Analogously for union & toString

27 Representation Independence




b-minute break






Dictionary spec

0716.0 (DICT sig)

21 |signature DICT =

2 |S1g

23 structure Key : EQ
24
25 type ’a entry = Key.t * ’a
26 type ’a dict

27

28 val empty : ’a dict

29

30 exception ExistingEntry

31 val 1nsert : ’a entry * ’a dict -> ’a dict

32 val overwrite : ’a entry * ’a dict -> ’a dict
33 val lookup : ’a dict -> Key.t -> ’a option

‘q
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0716.1 (dict.sml)

s|functor RBDict (KeyOrd : ORD) :> DICT
17 where type Key.t = KeyOrd.t =
s|Struct

30 Dictionaries and Red-Black Trees



RBDict



0716.1 (dict.sml)

s functor RBDict (KeyOrd : ORD) :> DICT
17 where type Key.t = KeyOrd.t =

s Struct

v  structure Key = cmpEqual (KeyOrd)
type ’a entry Key.t * ’a

20

32 Dictionaries and Red-Black Trees



0716.2 (dict.sml)

24 datatype ’a dict =

25 Empty

2 | Red of ’a dict * ’a entry * ’a dict

o7 | Black of ’a dict * ’a entry * ’a dict

33 Dictionaries and Red-Black Trees



0716.3 (dict.sml)

31 val empty = Empty
32

33 fun lookup d k’ =

34 let

35 fun 1k (Empty) = NONE

36 | 1k (Red tree) = 1k’ tree

37 | 1k (Black tree) = 1k’ tree
38 and 1k’ (L, (k,v), R) =

39 (case KeyOrd.cmp(k’, k)

40 of EQUAL => SOME(v)

41 | LESS => 1k L

42 | GREATER => 1k R)

34 Dictionaries and Red-Black Trees



The Red-Black Invariant

Avalue T : t dict issaid to be a red-black tree

(RBT) if it satisfies three conditions:

1. T is sorted by its keys
(either T=Empty; or

(T=Red (L, (k,v),R) or T=Black (L, (k,v) ,R) such that L and R are sorted by
k is KeyOrd . cmp-greater-than-or-equal to the key k> of any entry (k’,v’) in L and
k is Key0Ord . cmp-less-than-or-equal to any key in R))

2. For any Red node in T, both its children are black (Empty is
considered black)

3. Every path from the root of T to its leaves contains the same

od the black height of T

35 Dictionaries and Red-Black Trees




RB T-preseving insert



overwrite, version 0

fun overwrite (entry,Empty) =
Red (Empty ,entry, Empty)
| overwrite ((k’,v’),Red(L,(k,v),R)) =
case Key.cmp(k’,k) of
LESS => Red(overwrite((k’,v’),L),(k,v),R)
| EQUAL => Red(L,(k’,v’),R)
| GREATER => Red (L, (k,v),overwrite((k’,v’),R))
| overwrite ((k’,v’),Black(L,(k,v),R)) =
case Key.cmp(k’,k) of
LESS => Black(overwrite((k’,v’),L),(k,v),R)
| EQUAL => Black(L,(k’,v’),R)
| GREATER => Black(L,(k,v),overwrite((k’,v’),R))

37 Dictionaries and Red-Black Trees



In the Red case: the recursive call to
overwrite ((k’v’) ,L) could return a Red node, so
overwrite would produce a Red root with a Red child



Almost there

Avalue T : t dict issaid to be an almost red-black
tree (ARBT) if it satisfies three conditions:

1. T is sorted by its keys

2. For any* Red node in T , both its children are black (Empty
is considered black)

* except for maybe the root

3. Every path from the root of T to its leaves contains the same
number of black nodes, called the black height of T

39 Dictionaries and Red-Black Trees




restorelLeft : ’a dict -> ’a dict
REQUIRES: Either D is an RBT, or Black (L,e,R) where L is an ARBT

and R is an RBT
ENSURES: restorelLeft (D) is an RBT with the same entries as D and

the same black height

restoreRight : ’a dict -> ’a dict
REQUIRES: Either D is an RBT, or Black (L, e,R) where L is an RBT and

R is an ARBT
ENSURES: restorelLeft (D) is an RBT with the same entries as D and

the same black height

40 Dictionaries and Red-Black Trees




overwrite
and insert



Overwrite helper

If we have an e : t entry in scope, define

helpero : t dict -> t dict

REQUIRES: D is an RBT

ENSURES: helpero D evaluates to D’ containing all the entries of D, plus
e (replacing any existing entry in D whose key is Key . equal to the key of

e). D’ is an RBT if the root of D is Black, and D’ is an ARBT if the root
of D is Red.
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Write the spec of helperi.
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e Prove equivalence of two structures ascribing to the same signature by
relating values representing the same structure

e Carefully invariants and dutifully maintain them, using the opacity of the
modules system to prevent the user from breaking them
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e Start Applications portion of course
e Parallel data structures and algorithms
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Thank you!
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